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Interatomic Pair Interaction in Liquid Transition Metals
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The Wills–Harrison pair interaction is investigated for liquid Fe on the base of the introduced relation between
parameters of the model pseudopotential and d-electron characteristics. It is shown that the procedure suggested
leads to the significant shift of the first minimum of the pair potential and increases the softness of its repulsive part.
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1. Introduction

Wills and Harrison (WH) [1] presented the effective
pair potential for transition metals as a sum of two terms.
The first one arises due to d electrons, while the second
corresponds to the standard pair potential in the nearly-
-free-electron (NFE) theory and may be calculated on the
base of the ion-s-electron interaction

ϕWH(r) = ϕd(r) + ϕNFE(r). (1)
To calculate the ϕNFE(r) in liquid transition metals,

it was suggested [2–4] to use the Bretonnet–Silbert (BS)
local model pseudopotential (MP) [5] (in the last years,
this MP has been successfully used for the liquid Ag–In
study [6–8]).

Up to now, the contributions ϕd(r) and ϕNFE(r) were
treated as independent of each other. Here, we suggest a
consistency for them.

In Sect. 2, we furnish the Bretonnet–Silbert pseudopo-
tential formalism. In Sect. 3, the d-electron part of the
WH effective pair potential is described. In Sect. 4, we in-
troduce the relationship between proofs of Sects. 2 and 3.
The influence of the relationship presented on the pair in-
teraction in liquid iron is discussed in Sect. 5.

2. The Bretonnet–Silbert model potential

The BS MP was constructed on the base of the Oli
[9] approach: inside the sphere of radius Rc, the MP is
described by the two first terms of the Dirichlet series,
while outside of the sphere, it has the Coulomb form (for
the unscreened ion):

ωO(r) =

{ ∑2
n=1 Bn exp

(
− r

nRc

)
, r ≤ Rc,

−ze2/r, r ≥ Rc,
(2)

where B1, B2 — coefficients of the series z — number of
s electrons per ion e — the electron charge.

In the BS MP, the ion radius Rc in the Dirichlet
series is changed on some phenomenological parameter
a, and the coefficients B1, B2 should be chosen as to
provide the continuity of the MP and its first derivative
at r = Rc:

ωBS(r) =
{

B1 exp(−r/a) + B2 exp(−0.5r/a), r ≤ Rc,

−ze2/r, r ≥ Rc,
(3)

B1 = (ze2/Rc) (1− 2a/Rc) exp(Rc/a),

B2 = (2ze2/Rc) (a/Rc − 1) exp(0.5Rc/a).

According to the WH approach [1], z in (2) and (3)
is treated as an effective valence which is lower than the
number of s electrons in the single atom due to the s–d
hybridization.

3. The Wills–Harrison d-electron contribution
to the pair interaction

To describe the density of d states, nd(ε), the Friedel
model [10] was used by WH:

nd(ε) =

{
10/Wd, εd −Wd/2 ≤ ε ≤ εd + Wd/2,

0, otherwise,
(4)

where Wd, εd — the width and the heavy center of the d
band, respectively.

The d-electron contribution to the internal energy per
atom, Ed, may be calculated by standard way (in atomic
units):

Ed =
∫ εF

εd−Wd/2

nd(ε)f(ε)εdε =

−1
2
zd

(
10− zd

10

)
Wd + zdεd = Eb + Ec, (5)

where εF — the Fermi energy, zd — the number of va-
lence d electrons per ion (zd = Z − z, where Z is the
total number of the valence s and d electrons), f(ε) —
the Fermi distribution function, Eb and Ec are the con-
tributions due to the d-band width and to the shift of its
heavy center with respect to the d level of single atom,
respectively. These contributions were obtained in [11]
by using the muffin-tin (MT) potential and the atomic
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sphere approximation

Eb = −
√

3zd

(
10− zd

10

)

×
√

4πρ

∫ ∞

0ij

V 2
d (r)g(r)r2dr, (6)

Ec = zd2πρ

∫ ∞

0

225r6
d

π2r8
g(r)r2dr, (7)

where ρ is the mean atomic density, g(r) — the pair cor-
relation function, rd — the d-state radius, which is the
characteristic of a single atom, Vd(r) — the effective po-
tential of the d–d interaction

Vd(r) =
28.06r3

d

πr5
. (8)

¿From (7), one gets the ϕc(r) contribution into pair
interaction

ϕc(r) = zd
225r6

d

π2r8
. (9)

¿From (6), it is impossible to derive the contribu-
tion into the pair interaction directly. An approximated
expression was found by WH as a variational deriva-
tive δ(NEb)/δVd(rml) (where N is the whole number of
atoms). If one accounts d–d interactions only for the first
coordination shell with coordination number ν, then the
contribution is

ϕb(r) = −zd

(
10− zd

10

)(
12
ν

)1/2

Vd(r). (10)

Thus, the total d-electron contribution into the pair
interaction is

ϕd(r) = ϕb(r) + ϕc(r). (11)

4. Relations between MP parameters
and d-electron characteristics

In general form, the phase shift, ηl(ε), for the electron
with energy ε may be written for an arbitrary spherical
potential, ω(r), as [12]:

tan ηl(ε) = −√ε

∫ ∞

0

jl(r
√

ε)Rl(r)ω(r)r2dr, (12)

where jl(x) is the Bessel function, l — the orbital quan-
tum number, Rl(r) — the radial part of the solution of
the Schrödinger equation for the potential considered

Rl(r) = jl(r
√

ε)− tan ηl(ε)nl(r
√

ε), (13)
where nl(x) is the Neumann function.

¿From (12), (13) one gets

tan ηl(ε) =
X

1− Y
, (14)

X = −√ε

∫ ∞

0

j2
l (r
√

ε)ω(r)r2dr, (15)

Y =
√

ε

∫ ∞

0

jl(r
√

ε)nl(r
√

ε)ω(r)r2dr. (16)

For l = 2 (d-electron state):

j2(x) =
(

3
x3
− 1

x

)
sin(x)− 3

x2
cos(x), (17)

n2(x) = −
(

3
x2
− 1

x

)
cos(x)− 3

x2
sin(x). (18)

On the other hand, in the WH approximation

tan η2(ε) =
Wd

2(ε− εd)
. (19)

¿From (14), it can be seen that the resonance scatter-
ing corresponds to Y = 1, while the expression (19) gives
the resonance at ε = εd. Thus, one gets

√
εd

∫ ∞

0

j2(r
√

εd)n2(r
√

εd)ω(r)r2dr = 1. (20)

For further calculations, we will use the exact relation

j2(x)n2(x) = sin(x) cos(x)
[

9
x4
−

(
3
x3
− 1

x

)]

+
[
cos2(x)− sin2(x)

] 3
x2

(
3
x3
− 1

x

)
(21)

and its approximation [12]:

j2(x)n2(x) = − 1
5x

, x2 < 2. (22)

Inserting (3) into (20) and using (21), (22), one gets
the two terms instead of the left part of (20):

Y1 = −1
5

∫ Rc

0

rdr [B1 exp(−r/a) + B2 exp(−0.5r/a)]

=
ze2a2

5R2
c

[(Rc − 2a) exp(Rc/a) + 8 (a−Rc)

× exp(0.5Rc/a)− 6a + 5Rc + 3R2
c/a

]
, (23)

Y2 = − ze2

√
εd

∫ ∞

√
εdRc

[
cos(2rε)

(
9
r4
ε

− 3
r2
ε

)

+
1
2

sin(2rε)
(

15
r3
ε

− 9
r5
ε

− 1
rε

)]
drε

= − ze2

2
√

εd

[
3

εdR2
c

sin(2
√

εdRc)
(

1− 3
8εdR2

c

)

+
9

2ε
3/2
d R3

c

cos(2
√

εdRc) + Si(2
√

εdRc)− π

2

]
, (24)

where rε = r
√

εd.
Then, (23), (24) and obvious condition
Y1 + Y2 = 1 (25)

provide a connection between MP and d-electron param-
eters. Numerical solution of the system of Eqs. (23)–(25)
allows to obtain the value of the parameter a at fixed
values of the rest parameters of the model.

In (23)–(25), we use the averaged over the hard-sphere
(HS) reference system εd value which was obtained in [3]:

〈εd〉HS =
225
π2

[
2πρr6

d

5σ5

+
r6
d

π

∫ ∞

0

[SHS(q)− 1] q dq

∫ ∞

σ

sin(qr)
r7

dr

]
, (26)

where σ is the HS diameter, SHS(q) — the HS structure
factor.
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5. Results and discussion

The procedure suggested in Sect. 4 may be applied to
liquid Fe. The input magnitudes used for the calculation
are listed in Table. The mean atomic volume, Ω , is taken
from the experiment [13], and the HS diameter — from
the results of [3].

TABLE

Input data for the calculations.

z zd Rc [a.u.] rd [a.u.] σ [a.u.] Ω [a.u.]

Fe 1.4 6.6 1.54 1.5 4.2 89.29

Fig. 1. ϕWH(r) and ϕNFE(r) (in a.u.) obtained by us-
ing the BS MP at different values of the parameter a.

Fig. 2. Reduced repulsive part of the WH pair po-
tential, β[ϕWH(r) − ϕWH(d)], at different values of the
parameter a.

In Fig. 1, the ϕWH(r) and ϕNFE(r) obtained by us-
ing the BS MP are presented for different values of the
parameter a. The first value a = 0.363 a.u. is taken
from [5], and the second a = 0.321 a.u. is calculated
using (23)–(25).

¿From Fig. 1 it can be seen that the new value of the a
leads to the shift of the position of the first minimum of
ϕWH(r) to the right. The same tendency for the liquid Fe
was observed in [14] with the increase in the value of the
parameter rd. Such changing of the pair potential in [14]
leads to the better agreement of the calculated internal
and free energies with experiment data.

The softness of the pair interactions is estimated in
Fig. 2, where the attractive parts of the pair potentials
are presented in reduced coordinates β[ϕ(r) − ϕ(d)] −
r/d. Here, d is the position of the first minimum of the
pair potential, β = 1/kbT (temperature is taken equal to
1863 K). One can see that the decrease in a leads to the
increase in the softness of the WH pair potential.
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